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On DIFFERENTIAL GALVANOMETERS, 
by Louis SCUWENDLER, Esq. 


There is one very interesting question connected with the construction 
of these instruments which, as far as [ know, has not yet been answered, and 
which is of sufficient practical importance to form the subject of an investi- 
gation. 

This question may best be put as follows : 

A certain battery of given electromotive foree and given internal re- 
sistance has to supply the two coils of any differential galvanometer with æ 
current; what must be the resistance of cither coil in order to obtain the 
most delicate reading when measuring a given resistance ?* 

The solution of this problem in its most gencral form would naturally 
be extremely intricate, and could not be effected without tedious calculation, 
but there is one special case where it is comparatively easy to determine the 
law which eonnects the resistance of the coils with the external resistances 
to be compared, in order to have the greatest sensitiveness of the instrument. 

Suppose for instance that the two coils of a differential galvanometer 
have equal resistances and equal magnetic momenta, and further that the 
battery which supplies the two coils with current has an internal resistance 
sufficiently small to allow of its being neglected against the resistances to be 
compared. Then, on account of the battery resistance being so small, it 
follows that the current through one coil is entirely independent of the total 
resistance in the other, and as the two coils are supposed to have equal 
maguetic momenta and equal resistances, balance ean ouly be established by 
the currents becoming equal, that is to say at or near balance each coil must 
receive a current 
_ 3 
= Gap 
where g is the unknown resistance of either coil, 

w the resistance to be measured, and which is supposed to be known, 
and E the given electromotive forec of the testing battery. 

At balance the diagram of this differential galvanomcter is, therefore, 


C 


represented by Fig. 1. 


* In the Philosophical Magazine ef May, 1866, and January, 1867, I selved a 
similar question, viz, the preper resistance ef the galvanometer to be empleyod when 
testing by Wheatstone’s balanee, and the result ef that investigation has led me to 
examine the present question, 
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Fig. 1. 


Now, as far as the 
magnetic effect of the i 
two coils is concerned, 
we may substitute for the 
parallel circuit, Fig. 1, 
the simple circuit, Fig. 2, 
if we only reverse the 
magnetic action of one 
of the two coils, (say the 
right one). 


And in order to have, in 

this case, for the same tf 
clectromotive force E the ee ee, 
same current C flowing ae 
through the coils as be- 
fore, (see Fig. 1), we 
must necessarily intro- 
duce a resistance æ 
henee— 


oa Soa 
~ g+w %wWte 
therefore w = g 4 8 escret D 


But to obtain the maximum magnetic effect in any single circuit (Fig. 2), 
it is necessary that the resistance of the coil should be equal to the total 
external resistance* and therefore in this case (Fig. 2) 


EG — lanoso ooe ee cea dD) 
Eliminating æ from equation I and IT we have 
w 


= in oe (1) 


To obtain the most delicate reading with a differential galvanometer, the 
two coils of which have equal magnetice momenta, and also equal resistances, 


* This law holds good,—as can casily bo shown,—for any number of coils con- 
nected into a single circuit, no matter if the magnetic effects of these oils have the 
game or opposite sign with respect to a given magnetic point, 
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the resistance of each coil should always be the third part of the resistanee to 
be measured. 

This relation is so exceedingly simple that at first I thought it must bea 
well known one, and that L only was unacquainted with it. However, I have 
since carefully read the literature on the subject, and I find the above law no- 
where stated, and as a further proof of its being new, I may add that none of the 
differential galvanometers with which I have had occasion to deal, fulfil it. 
That this relation is of the greatest importance in the construction of differ- 
ential galvanometers caunot be doubted, and I have accordingly thought it 
worth while to bring my investigation before the Society, 


Solution of the Problem in its most general form. 


Fig. 3 gives the diagram of a dif- 
ferential galvanometer in its general 
form. w and w’ are the two resistances to 
be compared and which we suppose to 
be given. E is the given electromotive 
force of the testing battery, and f the 
total resistance in the battery branch ;— 
g and g’ are the resistances of the two 
coils, and their values are to be deter- 
mined under the condition that the 
reading, when near balance, is most de- 
licate, 7. e. that the slightest variation in’ 
w or w causes the greatest possible 
variation in the deflection of the needle. 

The magnetic moment of the coil 
g, when a eurrent G passes through 
it, may be designated by Y, and the mag- 
netic moment of the coil g’, when 
a current G’ passes through it, may be called Y’. Both these magnetic 
momenta are taken with respect to the same needle, or system of needles, and 
we may suppose that neither Y nor Y’ alter pereeptibly, when the needle, or 
system of needles, slightly alters its position towards the coils, which are 
supposed to be fixed. (This condition will be fulfilled as closely as possible 
near balanee, when the needle is approximately always in the same position 
with respect to the coils, and it is only for such acase that the following 
investigation is of any practical interest). 

According to the principle of the differential ealvanometer, we have— 

a&aY—y’ 
where æ represents the deflection of the needle, before balance is arrived at, 
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and whieh may be positive, zero or negative, depending on the relative 
strength of the currents which at the time are acting through the coils, on 
the relative position of the needle towards the coils, and on the shape and 
size of the latter. 

Approximately we have further 
‘Ve UG 
Wap U EP 
U and U’ being the number of convolutions in the coils g and g’ respec- 
tively, and m, m’ representing the magnetic momenta of an average convolu- 
tion (one of mean size and mean distance from the needle) in the coils g and 
g' respectively, when a current of unit strength passes through them. 

Further, as the space of each coil to be filled with wire of constant 
conduetivity is given, we have— 

U = wa 
TO) es op.” Vg 

as can be casily proved. 

mand 2' arc quantities independent of g and g’, so long as it may be 
allowed to neglect the thickness of the insulating covering of the wire against 
its diameter, which for brevity’s sake we will suppose to be the case, 
With this reservation 2 and x‘ depend entirely on the size of the coils and 
on the manner of coiling. 

Substituting these values, we get 

aa mn fg G — m'n’ fg! Q' eee I 

which general expression for the deflection we may write in two different forms 
either 


n = m'n’ “La I 
Cam n Sy (c rr ; 


or 


o Pe (oe “r —@') aru Lt 

a xan! n’ Sg (5 We 
which means that any deflections observed may be naturally considered due 
to either coil. In the first form (equation I) it is considered due to the 


Le it if 
ate v9 G/ flows through it, in the latter 
maa AY 


form (equation I^) it is considered due to the coil g’, when a current 


coil g, when a eurrent G — 


mn a/g 


wo F G — G’ flows through it. 

Now considering that the same battery E has to supply the current 
to both the coils we have 
(ee 


G == 18 N 
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gtw 
N 
where N = (g + w) (g/+ wN +fltwetg tw’). 


Thus substituting in I and I‘ we get either 


MG SE 


SEE 


Dea 
A] m'n’ fg! 
an 7 $ , i : ; 
eam aE (y +w TA T y+) eee 900706 I 
Al 
wight a m AA 
n a/g 
or a m'a! BE (gtu ae (y+) a T 


and either A or A‘ is the factor which at balanee becomes zero. 


The coefficient AL Bae means, therefore, nothing else than what is 
m n a/g i 

generally called the constant of the differential galvanometer, 7. e., the num- 
ber by which the total resistance in one branch of the differential galvanometer 
has to be multiplied, in order to obtain the total resistanec in the other branch, 
when balanee is established. This constant of the differential galvanometer 
is a given function of g and g’, the resistance of the eoils, and as y and g’ 
are to be determined, by being variable, it cannot be considered a constant 
m’ at 
1 


in this investigation. But the factor is entirely independent of any 


of the resistances, it represents what may appropriately be ealled the 
‘mechanical arrangement’ of the differential galvanometer, and may be 
designated by p. It must be borne in mind that p represents an absolute 
number, which theoretically may be anything with the exception of o and œ. 
If p has a value equal to either of these two limits, the instrument would be 
a simple galvanometer with a shunt, and nota differential galvanometer. 

The deflection e may now be written more simply, as follows :— 


A 
“a g’ - V9 
o E A / Yipee, 9 = KA 
PaK NV 4+w Dy, (y+) K N A A y 
A’ 


(as ae 
Bees Ke (a vi (+) = een. ae 
N (AE N 

K and K’ being independent of g and g ‘and also of w and w’. 

N is a known function of all the resistances in the differential circuit. 

A and A’ are similar funetions of g and g^, w and w/ and which functions 
become both zero at balanee. 

For the further investigation, only one of the two possible expressions 
of a will be used, viz. equation I, 
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Differentiating this expression with respect to w ‘, the external resistance 
belonging to the coil g^, we get 


da =x{Z Are} 
dw! N N? 
dN 
dw’ 
or the variation of the deflection a, when w’ varies, is 
lg AR sq 
r ars $; E 
ba = K E — ae } dw'= K ¢ dw’, 

Now it is clear that the instrument is most sensitively constructed 

when, for the slightest variation in w/, the variation in @ is greatest. This 
; ; AR ; 5 

will be the case if the factor ¢ = vd — n is as great as possible, 
This factor ¢ is a known function of the resistances in the circuit, and as 
w and w/' are given, $ can only be made a maximum with respect to g and 
gy, the resistances of the two coils. 

Thus our physieal problem is redueed to the following mathematical 
one : 

A function ¢ containing two variables is to be made a maximum, while 
the two variables are fixed to each other by the relation 


where R = 


/ 
a =g to! p E +) 


A being a constant with respeet to g and g’ and becoming zero at balance, 
Solving this question (relative maxima), we get 


(wp (wit gt fctulty—p — _ 2gtwth e 
pPg—w)g' 2/9 Jp — P Otw) 


* To some of the readers, a more detailed working out of the mathematieal pro- 
blem may, perhaps, be woleome; and as this will also prove to be an casy control 
over the equations (I!) and (II), I will give it here in a somewhat condensed form. 
Wo had 


whero K represents a constant, i. 6. & quantity indepondent of any of the resistanees 
C + 

in the difforential cireuit (Fig. 8), while 4 = g’ + w — p = (9 + w) i. e. aro- 
G 


sistanee whieh at balance beeomos == 0 ; and further 


N = (g $e) +) +S 0 +e ty +’). 


: 2 if 
Differentiating a with respeet to w’, and remembering that =. == 1, and substitut- 
w' 
aN 
ing —— = R, wo have 
5 d ; 


20 
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which equation with the other 
g i + w! -= 


gives all that is required to determine g and g’, and the values thus obtained 


ee { vt. Bvt | 
w’ (N N2 
Sh eS f ya a Balt} aur 
N N? 
aie ara) 
$ 


<s d4=3 K g dw’ 
Thus the variation of a is always directly proportional to ¢, a known function of g 
and g’, and to make ĝa for any dw’ as large as possible, we have to make p a maxi- 
mum with respect to g and g’, whilo g and g’ are connected by the following equation 
A=g’ 4w’ p L Ao) aroraa E 
V9 

p boing a constant with respect to g and g ‘, as also is A, 

We have, therefore, to dcal here with a relative maximnm, and in accordance with 
well known rules, we have to form the following partial differential coeflicients : 


A N—2y a Ryg 24 ) 
— = g g 
ag ZJN o rag 
d 
R=- I teut 
aN ` 
DERG 
=t) ur aR R 
N dg 29 
Joo Rvs 4A 
— g Cag: , 
ag’ Nas? a oe 
aN 
1 MI (= -trr 
N? (ag 
N 
dA 1 D A 
dg g 2 yg 
dA _ 2g? — rl tw) 
dg’ 2/9 o i 


At or noar balanco when A is = 0, or very small, the terms A S and A S’ in the ro- 
spective differential coeflicients are to bo neglected, because neither S nor S’ become 
infinito for any finito values of g and g’. 
Thus wo havo approximatoly : 
N—2%2N Ry th 
Oe eS eee =P—Q 


dg aF 2/9 N? NZ 
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would be those which would make the reading most delicate near balance, 
when the variation takes place in w’ t. e., the external resistance belonging 
to the coil g^. 

Tf, instead of differentiating the expression for a with respect to w’ by 
using the expression T, we had done so with respect to w by using the expres- 
sion I4, we should have obtained in a similar way the following relation 


between g and Gp! 


(o'—g) (wt pt+fwtre'tg—g) _ 2G twtp m 
VEE / 2/9 /f4'— ios) 
a = Hp a 
p (g ) VIVI p 
which equation conneeted with the other 
EN ta 
dp __ dy Ryo faye Fi 
ae | Ne Na zo oo 
further we will substitute : 
JA ay 
ag 
cs 
dg! aa 


Thus we have the following differential equation : 
(P= Q) dy — (PF) dg A f a ag + Bay’) =O 
A being the undetermined factor. From this equation we have: 
P—Q -Aa=0 
and —(P‘’+Q’) +As=0 


or A eliminated : 


a B 
but we have always: 
oe 
a” B 
thus we have as end-equation : 
Pilea 
-= 
or the value for P, P’, a and 8 substituted we have 
2g aN 2aN 
i ET 
ds g 
pg (g — w) 3/9 Jo’ —P G+ *) 
further substituting 
aN 4 i 
pee a el 
dg 
aN 
— =g tw +f 
dg 
and reducing as much as possible, we have 
(w— 9) (wa Fi (eb A a 2 bw th) I 
pg —w) 9 2/9 /9 —P Ow) een 


which is the equation II as given above. 
In quite a similar manner, equation II’ eau bo found, it must only be remembered 
that it is more simple to use expression I ‘for the purpose than I, 
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/ / 
i Ee E 1 
P i 
gives all that is necessary to determine g and g, being those values which 
would make the reading at or near balance most sensitive when a variation 
in w, the external resistance belonging to eoil g, takes place. 

Now it is clear that equations IT and II’ are not necessarily identical, 
as long as p docs not fulfil certain conditions, and therefore the first set of 
equation IT and 1 may give entirely different values for g and g’ from those 
obtained from the second set II’ and I), which means that a simultancous 
Maximum sensitiveness with respect to an alteration of the external re- 
sistances w, w’ in either of the two differential branches, is nof always 
possible. The following very important and interesting question, therefore, 
remains to be solved. 

What general condition must be fulfilled in the construction of any 
differential galvanometer in order to make a simultaneous maximum sensi- 
tiveness possible, with respect to an alteration of external resistance in either 
of the differential branches ? 


[To bè continued. ] 
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NOTES ON A COLLECTION OF BIRDS FROM SIKKIM, 
by W. T. Buayrorn, F. G.S.—C. M. Z. S. 


(With Plates VII and VIII.) 
[Received and read 6th September, 1871.] 


Mr. L. Mandelli of Darjiling has sent to me for determination a most 
interesting colleetion of Sikkim birds, together with a few obtained from the 
plains near the base of the Himalayas. The birds sent are from: various 
elevations, some being evidently from considerable altitudes. Strange as it 
may appear, after this chosen land of the feathered tribes had been explored 
and ransacked for years by such ornithologists as Hodgson, Jerdon, Tickell 
and many others, it yet yiclds novelties to so energetic a collector as Mr. 
Mandelli. Amongst the birds sent is a sixth Himalayan species of Propasser, 
indicated, it is true, some years since by Mr. Blyth, but not hitherto deseribed, 
and the male of which was previously unknown. There is also a new 
Pellorneum, and apparently one or two undescribed warblers. 'Fwo other 
birds are additions to the fauna of India, and new localities are furnished for 
a few others. 

To my notes on Mr. Mandelli’s collection I have added some on birds col- 
lected by inyself at low elevations in Sikkim. In another paper (antea p. 30), 
T have given a complete list of all the birds observed or collected by me in the 


